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We revisit spatially flat FLRW cosmology in light of recent advances in standard
model relativistic fluid dynamics. Modern fluid dynamics requires the presence of
curvature-matter terms in the energy-momentum tensor for consistency. These terms
are linear in the Ricci scalar and tensor, such that the corresponding cosmological
model is referred to as “Ricci cosmology”. No cosmological constant is included,
there are no inflaton fields, bulk viscosity is assumed to be zero and we only employ
standard Einstein gravity. Analytic solutions to Ricci cosmology are discussed, and
we find that it is possible to support an early-time inflationary universe using only
well-known ingredients from the Standard Model of physics and geometric properties
of space-time.
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2I. INTRODUCTION
The ΛCDM model is the accepted concordance model for modern day precision cosmology.
Unfortunately, neither the cold dark matter (CDM) component nor the dark energy Λ are
understood in terms of the modern Standard Model of physics. While dark matter also
features prominently in astrophysics such as in explaining galaxy rotation curves, dark energy
is more mysterious, and apparently only is needed to support an expanding universe.
An elegant possibility to support expansion using only Standard Model ingredients is
that of so-called bulk viscous cosmology, cf. Refs. [1–5]. In bulk viscous cosmology, the
perfect fluid energy-momentum tensor is supplemented by a viscous term that couples to
the local expansion rate, generating an effective pressure that can be lower than the pressure
of a perfect fluid. Assuming extreme cases of the bulk viscosity coefficient, the effective
pressure can be made negative, thereby driving an expanding universe. While bulk viscous
cosmology supports a de Sitter universe using only well-known ingredients, two significant
challenges have so far prevented bulk viscous cosmology to replace the ΛCDM model. First,
the extreme values of bulk viscosity necessary to support an expanding universe are hard to
generate using only ingredients from the Standard Model of physics, and second, bulk viscous
cosmology seems hard to reconcile with precision cosmology data [6–9]. This provides the
motivation to consider other potential alternatives to dark energy that support a de Sitter
universe with only Standard Model ingredients.
In this work, we consider corrections to the perfect fluid energy-momentum tensor at
second order in gradients. Generalizing the ideas of Mu¨ller, Israel and Stewart [10, 11], these
terms naturally arise in modern derivations of fluid dynamics as an effective field theory
of low-momentum modes [12, 13], and indeed are required in order to ensure consistency
of two-point correlation functions (cf. Ref. [14] for a modern textbook on the subject.)
Since some of these second order gradient terms are those of second order gradients of
the metric (curvature terms), the terms constitute generic corrections to the perfect fluid
energy-momentum tensor even in local thermodynamic equilibrium. In this sense, they differ
in physical origin from the more familiar bulk viscous correction terms. However, like in
bulk viscous cosmology, the curvature terms can reduce the effective pressure of the fluid
(cf. section 2.2.3 in Ref. [14]), and therefore could offer a potential alternative mechanism
for inflation. This provides the motivation for the present work.
3II. SETUP
Let us consider the four-dimensional Einstein-Hilbert action including matter given by
S[gµν ] =
1
2
∫
d4x
√−gR +
∫
d4x
√−gLM︸ ︷︷ ︸
Smatter
, (1)
where
√−g is the determinant of the metric gµν and we are using units where Newton’s
constant is set to G = 1
8pi
. For a homogeneous, isotropic and spatially flat spacetime we
consider the FLRW metric [15, 16]
ds2 = −dt2 + a2(t)δijdxidxj , (2)
where a(t) is the scale factor characterizing the cosmological evolution of the universe [17].
Conventional cosmology assumes the matter contribution to be given by the so-called “per-
fect fluid” form [18]
T perfect fluidµν = ρuµuν + p (uµuν + gµν) , (3)
where ρ is the energy density, p is the fluid pressure and uµ is the fluid four velocity. In the
context of cosmology, it is often stated that (3) is the most general expression consistent
with the FLRW symmetries for a fluid in local thermodynamic equilibrium. However, while
true for flat space-times, this statement is not correct when space-time is curved.
Driven largely by the need to provide theoretical input to the experimental high-energy
physics program at colliders, the theory of relativistic fluid dynamics has seen considerable
advances in the past decades [14]. Using the tools from effective field theory, fluid dynamics
has been set up in terms of a gradient expansion of the fundamental degrees of freedom
ρ, uµ, gµν , which allows a rigorous derivation of all possible terms in the energy momentum
tensor to a given order in gradients, cf. Refs. [12, 13, 19] for conformal fluids.
From the perspective of relativistic fluid dynamics, at the second order in the gradi-
ent expansion, it has been shown that for non-conformal fluids in equilibrium the energy-
momentum tensor takes the form [14, 20]
Tµν = ρuµuν + peff (uµuν + gµν) , peff = p+ ξ5R + ξ6u
αuβRαβ , (4)
where Rαβ is the Ricci tensor, R is the Ricci scalar and peff is the effective pressure. Here
ξ5, ξ6 are “second-order” transport coefficients (see appendix A). Note that in this work
4we focus on effects arising from curvature terms only, and hence other (in particular non-
equilibrium) terms have been neglected in Eq. (4)1. Also note that the resulting dynamics of
cosmology should be distinguished from the Ricci dark energy model described in Ref. [21].
The effective pressure in Eq. (4) only includes terms up to second order in derivatives,
leading to the question if (4) is only valid for small corrections |p− peff |  p. Indeed, since
higher order derivative terms are allowed by the symmetries, and one might wonder how
reliable the truncation of Eq. (4) at second-order will be for real-world systems. To answer
this question, one would need a result for the energy-momentum tensor for “all-orders fluid
dynamics”, which for a quantum-field theory in curved space-time is presently unknown.
However, results for all-orders fluid dynamics do exist in more restricted settings, driven by
recent developments of hydrodynamic attractors and resurgence [22–25]. In brief, in cases
where the full, all-orders result for fluid dynamics is known, it has been found that low-order
truncations (e.g. at first or second-order) provide a good quantitative approximation to the
full, non-perturbative result even when gradients are large. In this work, we assume that
a similar attractor exists also for fluid dynamics in curved space-time, and that Eq. (4)
provides a reasonable approximation to this attractor even when |p− peff | > p.
Using the FLRW metric (2) in the comoving frame, we have
uαuβRαβ = R00 = − a¨
a
= −3(H˙ +H2) ,
R = 6
(
a¨
a
+
a˙2
a2
)
= 6(H˙ + 2H2) , (5)
in terms of the Hubble function H(t) =
a˙
a
. Variation of the action (1) with respect to gµν
gives rise to Einstein equation,
Gµν = Rµν − 1
2
Rgµν = Tµν , (6)
and substituting the FLRW metric together with (4) in the (6) gives rise to the Friedmann
equation and “acceleration equation” as(
a˙
a
)2
= H2 =
ρ
3
, H˙ = −1
2
(ρ+ peff) . (7)
1 Also recall that for isotropic backgrounds, shear viscous terms do not contribute to the dynamical evolution
of the universe.
5It is worthwhile mentioning here that (7) is linear in the Ricci terms compared to the
cosmological model proposed by Starobinsky [26].
Dimensional analysis reveals that for peff given in Eq. (4), the transport coefficients ξ5,6 ∼
O(√ρ), such that the Friedmann equation allows us to write
ξ5,6 = ξˆ5,6H , (8)
with dimensionless ξˆ5,6. Furthermore, we write the equation of state as p = wρ such that
Eq. (7) can be written as
H˙(1 + c1H) + c0H
2 + c2H
3 = 0 , (9)
with c0 =
3(1+w)
2
, c1 = 3ξˆ5− 32 ξˆ6, c2 = 6ξˆ5− 32 ξˆ6. Note that the effective pressure in this case
becomes
peff =
w +
(
2c2
3
− c1
)√
ρ/3
1 + c1
√
ρ/3
ρ , (10)
which for non-vanishing c1,2 is non-linear in the density ρ, cf. Ref. [27]. We stress that
Eq. (10) is not a model, but instead a consequence from standard quantum field theory and
fluid dynamics.
III. SIMPLE SOLUTIONS IN RICCI COSMOLOGY
In the following, we will be interested in a qualitative analysis of Ricci cosmology. For this
reason, we will study solutions to (9) assuming a simple form of the equation of state of the
matter and the transport coefficients ξ5,6. While a more realistic treatment will be necessary
in order to study the viability of the model in describing precision cosmology observations,
we will leave this task for future study. Specifically, we make the assumptions
w = const. ≥ 0 , ξˆ5,6 = const. , (11)
such that the coefficients c0, c1, c2 in (9) are pure numbers and c0 >
3
2
. Note that we only
consider equations of state for ordinary matter for which w ≥ 0, whereas for dark energy
generically w < 0. Also, in the following we will only consider the case H(t) > 0, even
though a similar analysis of (9) could be applied to gravitational collapse.
6A. Standard Cosmology without a Cosmological Constant
As reference, let us first consider the case with vanishing transport coefficients i.e. ξ5 =
ξ6 = 0 implying c1 = c2 = 0. Then Eq. (9) reduces to
H˙ + c0H
2 = 0 , (12)
which for w 6= −1 and initial conditions H(t = 0) = 1, a(t = 0) = 1 leads to a decelerating
universe,
H(t) =
1
(c0t+ 1)
, a(t) = (1 + c0t)
1/c0 . (13)
For this solution a¨
a
= (1 − c0)(1 + c0t)−2 < 0 since c0 > 32 , so in this case the universe is
decelerating. Note that for w = 0 (c0 =
3
2
), this corresponds to the solution of the Einstein-
de Sitter model [28], and for the case w = −1 (c0 = 0) this corresponds to the de Sitter
model where H = const.
B. Simple Ricci Cosmology Solutions
Let us consider the case when one of the three coefficients is vanishing. We take c1 = 0
giving rise to ξˆ5 =
1
2
ξˆ6 such that we obtain,
H˙
H2
+ c0 + c2H = 0 . (14)
Note that Eq. (14) matches a similar equation that appeared in the context of bulk viscous
cosmology investigated by Murphy [1] using ζ = αρ if we set c2 = −9α2 . Let us thus study
(14) for the case of negative c2, e.g. c2 = 3ξˆ5 = −|c2|. The solution of Eq.(14) in terms of
the scale parameter a(t) with a(t = 0) = 1 reads
c20t
|c2| + 1 = c0 ln a+ a
c0 , H =
c0
|c2|(1 + ac0) . (15)
For small scale factor a(t) 1, this case gives the de Sitter metric,
a(t) ≈ exp
(
c0t
|c2|
)
, (16)
while on the other hand for a(t) 1 we have
a(t) ≈ [c20t/|c2|+ 1]1/c0 . (17)
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FIG. 1: Ricci cosmology with c1 = 0, c2 = −3(1+w)4 for radiation w = 13 compared to standard
cosmology (c1 = c2 = 0) for radiation, Eq. (13). Left panel shows the evolution of the scale
factor, while the right panel shows the Hubble function. Thin line is a guide to the eye. Note that
Ricci cosmology includes an inflationary phase at early times, avoiding the singularity in standard
cosmology.
This is nothing else but the Einstein-de Sitter model discussed above in (13). The numerical
solution for a(t), H(t) from Eq. (14) for w = 1/3 and initial condition H(t = 0) = 1, a(t =
0) = 1 (implying c2 = −c0/2) is shown in Fig. 1. One finds that Ricci cosmology contains
an inflationary early-time phase that smoothly goes over to a standard radiation-dominated
universe. The early-time singularity of standard cosmology with pure radiation is avoided.
It is straightforward to consider similar simple solutions with c1 = 0 for Ricci cosmology
for other forms of matter, such as dust (w = 0). We find that these behave qualitatively the
same as long as c2 is negative.
The combination ρ + 3peff is negative for early times in Ricci cosmology, which is the
underlying physical reason for the inflationary phase, cf. Eq. (22).
8C. De Sitter Solutions for Ricci Cosmology
Let us now consider all three coefficients to be non-vanishing. In this case Eq. (9) allows
an exact de Sitter solution with H˙ = 0 for c2 < 0, namely H(t) = H0 = − c0c2 , independent
from c1. We therefore have for c2 < 0,
a(t) ∝ eH0t , (18)
The Hubble flow parameters H and ηH are given by [29]
H = − H˙
H2
=
c0 + c2H
1 + c1H
,
ηH =
(
H¨
H˙H
− 2H˙
H2
)
=
˙H
HH
=
H˙(c2 − c1c0)
H(c0 + c2H)(1 + c1H)
. (19)
The spectral index ns and the tensor to scalar ratio r in terms of H and ηH can be expressed
as [29, 30]
1− ns = 2(H + ηH) ,
⇒ ns = 1− 2
(
c0 + c2H
1 + c1H
+
H˙(c2 − c1c0)
H(c0 + c2H)(1 + c1H)
)
, (20)
and r = 16H
= 16
(
c0 + c2H
1 + c1H
)
. (21)
Such definitions of ns and r are valid so long as the Hubble flow parameters H and ηH are
small during inflation. It may be seen that from following expressions,
a¨(t)
a(t)
= H2(1− H) = −1
6
(ρ+ 3peff) , ηH =
˙H
HH
, (22)
that the universe ceases to accelerate when H = 1 and a˙ = constant. This corresponds to
the time when the combination ρ+ 3peff = 0.
In general, the de Sitter solution corresponds to H = 0 and r = 0 implying exact scale
invariance of curvature perturbations.
D. More General Solutions for Ricci Cosmology
We may consider solutions to Eq. (9) which are close to, but not exactly equal to the de
Sitter solution. The full solution to Eq. (9) for positive Hubble parameter H > 0 is given
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FIG. 2: Ricci cosmology with c1 = 2, c2 = −3(1+w)4 for radiation w = 13 for different initial
conditions H(0). The case of H(0) = − c0c2 = 2 corresponds to the exact de Sitter solution (thin
line).
by
c0t+
1
H(0)
=
1
H(t)
+
(
c1 − c2
c0
)
ln
[
c0 + c2H(t)
H(t)(c0/H(0) + c2)
]
, (23)
where H(0) is an integration constant corresponding to the value of the Hubble function at
t = 0. We note that for c1 = 0, the solution to Eq. (23) coincides with Eq. (15). Furthermore
for the special case c1 =
c2
c0
, note that Eq. (23) corresponds to standard cosmology discussed
in section III A, whereas for H(0) = − c0
c2
and c2 < 0 we obtain the exact de Sitter solutions
discussed above.
Eq. (23) may be studied for values of H(0) 6= − c0
c2
, shown in Fig. 2. Since for these
solutions H˙ 6= 0, Eq. (19) implies a non-zero value for H , which would be necessary in order
to match the observational constraints from baryon acoustic oscillations (BAO) [31].
For these ’almost de Sitter solutions’, the values of the spectral index ns and the tensor-
to-scalar ratio r, calculated at t = 1 for different initial conditions and values of c1, can be
seen in Fig. 3. From this figure, it can be seen that Ricci cosmology is able to comply with
10
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FIG. 3: Spectral index and Tensor/Scalar ratio in Ricci cosmology at t = 1 as a function of c−11
with c2 = −3(1+w)4 for radiation w = 13 for different initial conditions H(0). For reference, the
current constraints from BAO observations [31] are indicated as filled bands.
the BAO constraints rather generically.
IV. SUMMARY AND CONCLUSIONS
In summary, including the curvature-matter coupling contributions to the cosmic fluid
energy-momentum tensor leads to additional terms in the Einstein equations for cosmology.
We stress that these terms are a consequence from quantum field theory and fluid dynamics,
and are firmly grounded in the Standard Model of Physics. Whenever matter is present,
these additional terms modify the equations of motion for cosmology, though interesting
effects are limited to the early universe when matter densities are large.
In this work, we found that under certain conditions (when the coefficient c2 introduced
above is negative), the resulting solutions for Ricci cosmology can give rise to an inflationary
phase for the early universe, without the presence of dark energy or bulk viscosity. The coef-
11
ficient c2 requires the calculation of second-order transport coefficients for general quantum
field theories, and only incomplete results exist to date. Further work will be required in
order to make definite statements about the sign of c2.
We considered solutions with simplified assumptions (purely radiative matter, simple
transport coefficients) to study the qualitative aspects of Ricci cosmology. In order to in-
vestigate if Ricci cosmology could potentially become a candidate for real-world cosmology,
these assumptions will have to be lifted, which will require numerical solutions of the result-
ing equations. Also, a more detailed comparison of Ricci cosmology with observational data
would be required. We leave these studies for future work.
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Appendix A: Transport coefficients
While generic results for the second order transport coefficients ξ5 and ξ6 do not ex-
ist, results for specific models are available (cf. Tab.2.2 in Ref. [14]). For instance, in a
gauge/gravity model ξ5, ξ6 for matter at finite temperature T have been obtained as
ξ5 =
κ
3
(1− 3c2s), ξ6 =
ξ5
c2s
, (A1)
where κ ∝ s/T , s is the entropy density and cs is the (constant) speed of sound [32].
Writing s ∝ T 3 gives κ ∝ T 2 ∝ √ρ. For s = (ρ+p)
T
= (1+w)ρ
T
, one observes κ > 0 for
w > −1. As long as c2s < 1/3 the coefficients ξ5,6 are positive quantities for
− 1 < w < 1/3. (A2)
However, the sign of these coefficients is dependent on the field content. For instance, for
purely scalar fields [33, 34], the coefficient κ is negative for all coupling values, e.g.
κ ∝ −NT 2 , (A3)
12
in the vector O(N) model [35]. Therefore, either sign for ξ5, ξ6 is possible.
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